Inequalities for membrane and Stekloff eigenvalues  by Kuttler, J.R & Sigillito, V.G
JOURNAL OFMATHEMATICALANALYSIS AND APPLICATIONS 23, 148-160(1968) 
Inequalities for Membrane and Stekloff Eigenvalues” 
J. R. KUTTLER** AND V. G. SIGILLITO 
Applied Physics Laboratory, 
The Johns Hopkins University, Silver Spring, Maryland 20910 
Submitted by R. J. Du$in 
1. INTRODUCTION 
In this paper we shall obtain relationships connecting the first nonzero 
eigenvalues of Stekloff and membrane eigenvalue problems. These eigenvalues 
are of interest since they are the optimal constants in a priori inequalities 
which have applications in bounding solutions of elliptic [l], [2] and 
parabolic [18] partial differential equations (see also [l l] and [12]). 
The eigenvalues of interest here are the first nonzero eigenvalues of the 
two membrane eigenvalue problems 
Au + Xu = 0 in D, u=O on aD; (fixed membrane) U-1) 
Au +p= 0 in D, 
au 
an= 0 on aD; (free membrane) (1.2) 
and the three Stekloff eigenvalue problems 
au 
Au=0 in D, z=pu on aD; (1.3) 
au aAu 
A%=0 in D, an=an+ [u=O on aD; U-4) 
A%=0 in D, u=Au--q$=O on aD; (1.5) 
where D is a bounded domain of the plane with piecewise Cl boundary 
aD, A denotes the two-dimensional Laplacian and n denotes the outward 
unit normal on aD. 
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The first nonzero eigenvalues of problems (l.l)-(1.5) will be denoted by 
Al , Y,, I% , Ez , and q1 , respectively (for problems (1.2)-( 1.4) the smallest 
eigenvalues p1 , p, and E1 are zero with constant eigenfunction). Then the 
relationships which we shall obtain are given in Table 1, along with conditions 
on the domain D. 
TABLE 1 
Relationships Conditions on D 
I. CLzPa Q I, 
II. apa < 52 
III. cl,1 < “;’ + (q,S,Y’* 
IV. Pi1 < “;’ + (P,QJ-l 
V. 41 Q t&nax star-shaped with respect to a point 
VI. “:‘” Q &l~,,,/h,,, star-shaped with respect to a point 
VII. Q1 Q Pdl + hmsxlhmid + llhmin - l/Pmsx convex 
VIII. 
~zhmin 
- Q 2P2 
1 f Ppmax 
star-shaped with respect to a point 
IX. t, Q BtLt%ar symmetric with respect to a pair of axes1 and star- 
shaped with respect to a point 
X. P, < b&nax same as IX1 
XI. P, < q1 - min(llp) symmetric with respect to a pair of axes and assuming 
that the eigenfunction corresponding to ql does not 
change sign in D. 
In the table p denotes the radius of curvature on aD, r is the distance from 
aD to an origin chosen in D, and the value of h at a point P on aD is the 
distance from the origin to the line tangent to aD at P. If P = (x1 , x2) 
then h = x,n, + x2n2 where ni is the ith component of the unit outward 
normal vector on aD. 
For inequalities relating the first nonzero eigenvalues of membrane 
and various supported and free plate eigenvalue problems see Payne [8]- 
[lo]. In [8] Payne also derives relationships connecting higher eigenvalues of 
the fixed and free membrane problems. Other inequalities for the first non- 
1 Inequalities similar to IX and X (but not as sharp) can also be derived under 
the more general condition, that D is star-shaped with respect to its centroid. See 
section 3, para. IX’ and X’. 
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zero Stekloff and membrane eigenvalues may be found in [4], [5], [7], [12]- 
[16], [19]-[23], and the papers cited in [12]. 
In the next section we introduce the Rayleigh quotient characterizations 
of the eigenvalues and give two useful identities. The derivations of the 
inequalities are carried out in Section 3. Exact values of all the eigenvalues 
for a circle have been computed as well as the exact values of A, , pLz , and p, 
for rectangles of various side ratios. Then using the inequalities of Table I 
we have computed upper and lower bounds on f2 and q1 for these rectangles. 
These results are given in Section 4. 
2. PRELIMINARIES 
The first nonzero eigenvalues of the problems (l.l)-(1.5) are characterized 
respectively by the following Rayleigh quotients: 
(2-l) 
I 
w,iw,i dx 
i-J2 = ,D:gLJ 
D 
i 
w2 dx 
-D 
(2.2) 
(2.3) 
! (AzL’)~ dx 
.f, = . min -E 
$60 n*as-0, 
$0 on r?D Q 
, 
w2 ds 
” iD 
(2.4) 
$3 = (2.5) 
where dx = dx, dx, , the summation convention is used so that repeated 
indices are to be summed from one to two, and, i denotes partial differentiation 
with respect to xi . 
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Alternative characterizations of /\I , pa , p, , (a , and ql that will be needed 
later are 
s (Aw)~ dx 
/\r = min D 
w=O on aD 
I 
, 
w,~w,~ dx 
D 
s 
(Aw)~ dx 
Xr2 = min D 
w=O on aD 
s 
, 
w2 dx 
D 
min 
s 
(Aw)~ dx 
P2 = 
D 
s 
, 
g-0 on aD w,~w,~ dx 
D 
p2 = min 
&PO in D 
, 
f2 = min 
dw-0 in D, 
, 
JD mdx-0 
s 
w2 dx 
D 
(2.6) 
(2.7) 
(2.8) 
(2.9) 
(2.10) 
W2d.S 
q1 = min aD 
dw-0 in D 
, 
s 
(2.11) 
w2 dx 
D 
That (2.6) and (2.7) are equivalent to (2.1), (2.8) equivalent to (2.2), (2.9) 
equivalent to (2.3), and (2.10) equivalent to (2.4), follows by a straightforward 
application of Green’s identity. The equivalence of (2.11) and (2.5) is a conse- 
quence of Fichera’s Principle of Duality [6]. 
Finally, for ease of reference, we give two identities which will be used 
repeatedly in the following section. These are 
(2.12) a f hw2 ds = aD s w2 dx + s XiWyiW dx, 
1 
x~w,~ Aw dx = 
D 
;faDh ,($I2 - (%,“I ds - jaDxisi;$ds, 
(2.13) 
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where si is the ith component of the tangent vector and a/& denotes differen- 
tiation in the tangential direction. The identity (2.12) is a consequence of the 
divergence theorem while (2.13) is a special case of the Rellich identity [17]. 
3. DERIVATION OF THE INEQUALITIES 
In this section we derive the relationships I-XI of Table 1. 
I and II. The inequalities I and II follow easily upon combining appro- 
priate Rayleigh quotients. Thus I is obtained immediately by combining (2.3) 
and (2.8) and using (2.4). 
To obtain II we note that the minimum in both (2.3) and (2.9) is obtained 
only for u, the eigenfunction associated with p, in (1.3), so that 
and thus 
4 0 au 2ds 
P22 = 
aD an 
4 
u2 ds 
3D 
p , (3.1) 
w2 ds 
8D 
where w is a harmonic function whose integral around aD vanishes. Using 
(3.1) and (2.11) we obtain 
q1p22 \< $aD (%)’ ds 
J w2 dx D 
for all w satisfying dw = 0 in D, laD w ds = 0. In particular, when 
w zz u -L-l u ds, 
aD 
where u is now the eigenfunction of (1.4) associated with 52 and L is the length 
of aD, we have 
8P22 G 
4 0 
!!! 2ds 
aD an 
u2 dx + AL-2 
D 
< 
s 
, 
u2 dx 
D 
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where A is the area of D. But by (2.10) this last quotient is just [a so that II 
follows. 
III and IV. To obtain III we start with an arbitrary piecewise C2(D) 
function w which we decompose as w = h + g, where Ah = 0 in D, g = 0 
on aD. (This can always be done since aD is piecewise Cl.) We have 
(j, w2 dx)1” <(j, h2 dx)l” + ( jDg2 dJc)liz, 
which, upon using (2.11) and (2.7), becomes 
(j, W2 d,xy2 <(4;l f,, w2 dsy2 + (A;2 j, (Awy d3y2. 
Using (2.4) in the above inequality yields 
(j, w2 dxy2 < (A;' + q;lk&Y) (j, (Aw)2 dxy2 (3.2) 
for all w satisfying (awl&z) = 0 on aD, c&, w ds = 0. In particular, let 
w=u-L-~&, d, h u s w ere u is the eigenfunction of (1.2) associated 
with p2. Then 
j, (Aw)~ dx = j, (4~)~ dx = ,LL~~ j, u2 dx 
< -.. P22 
U 
u2 dx + AL-2 
D 
(f,,uds)“] =p22 jDw2dx. (3.3) 
Inequality III now follows immediately from (3.3) and (3.2) while IV follows 
from II and III. 
V and VI. We assume that D is star-shaped with respect to a point 
which we take to be the origin. Let u be the eigenfunction corresponding to 
A1 . Then since u is zero on aD, it is an admissible function in the Rayleigh 
quotient (2.5) for qr . Thus 
h,,, j (Au)~ dx 
’ f,, h7;)2ds ’ 
(3.4) 
154 KUTTLER AND SIGILLITO 
where h > 0 on 8D since D is star-shaped with respect to the origin. Using 
(2.13), the differential equation satisfied by u, and (2.12) we can write 
h max D (Auj2 dx 
I’ 
h h 
1 max j u2 dx 
j,,h [;,‘ds = 
-- 
2 jD:iu,iudx ’ 
= 8 X1hrnaz-s , 
which is inequality V. 
Now let u be the eigenfunction associated with or in (1.5). Then u is an 
admissible function in (2.6) and thus by repeated use of Green’s identity 
s 
(4~)~ dx 
f 0 
!? 2ds 
A,< D = !?I 
aD an 
. 
s 
u,~u,~ dx 
D s 
(3.5) 
qiqi dx 
D 
Using (2.13), the Schwarz inequality and (2.1 I), we have 
i IaD h @” ds = 1, xfu,i Au dX < rmax (1, *,iu,i dx)l’2(j, (Au)2 dx)“’ 
l/2 = 41 rmax u D 
u,iu,i dx)l” [iaD c$j” ds)“’ 
so that 
This inequality in (3.5) gives VI. 
VII. Let u be an eigenfunction of (1.3) corresponding to pa . Since u is 
harmonic, so are u,r and u,~ and these functions are admissible in (2.11). 
Therefore, 
< 
i 
Ql --. 
aD (u,ij2 ds 
f D (G2 dx ’ 
i= 1,2, 
which can be combined to give 
u,~u,~ ds 
< 
s6 
%i”,i dS 
91 --. 
ao f = 
I 
u,~u,~ dx 
D 
p;iaD u2 ds ’ 
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using Green’s second identity and the boundary condition satisfied by u. 
Now u,~u,~ = [(a~/&z)~ + (a~/&)~] on 8D and thus 
From (2.13) and (1.3) we have 
ip,, h ($j2 ds = f,, h (&)’ ds - p, f 
i3D 
xisi f$ . 
Integrating by parts on the boundary yields 
f,, h ($)” ds = p22 f,, hu2 ds + p, f,, u2 ; (xisi) ds 
= p22 f,, hu2 ds + p, f,, u2 (I - A) ds 
P 
< P22hn,x 
[ 
u2 ds. 
aD 
Combining the above yields VII. 
VIII. Assume that D is star-shaped with respect to the origin. If w is any 
sufficiently smooth function which satisfies so v dx = 0, then, by (2.12), 
(2.2), and the Schwarz inequality 
!i I hv2 ds < (rmaxpi1i2 aD + K1) 1, V,iv,i dx* (34 
In particular, let ZI = u - A-1 JD ~1 dx, where u is an eigenfunction car- 
responding to p, . Then 
I v,~v,~ dx = D i u,~u,~ dx = p, D i u2 ds aD 
GP2 
[! 
u2 ds + LA-2 
aD UDUdX~l 
= P, f,, v2 ds, 
and this inequality in (3.6) yields VIII. 
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IX-XI. We now assume that D has two distinct axes of symmetry. 
Without loss of generality they may be assumed perpendicular, and we take 
them to be the x1 and x2 axes. We will say that D has bifold symmetry and call 
a function defined on D even-even, odd-odd, even-odd, or odd-even as u 
is respectively even in both x1 and xa , odd in both x1 and x, , even in x1 and 
odd in x2 , or odd in x1 and even in x2 . Every eigenfunction of the problems 
(l.l)-( 1.5) can be assumed to belong to one of these symmetry classes. 
Let u be the eigenfunction associated with pa in (1.2). From the Courant 
nodal line theorem ([3], pp. 451-54), u must be in the even-odd or odd-even 
symmetry class (otherwise u has an even number of nodal lines). Hence the 
nodal line is an axis of symmetry. Then u is admissible in (2.4) so that 
s 12 dx 
52 d Pz2 D * 
f 
u2 ds 
aD 
By (2.12) and (2.13) we have 
(3.7) 
s 1 u2 dx = - 2 I hu2 ds - s xiqiu dx D aD D 
1 =- 
2 s6 
hu2 ds + pi1 
j 
xiqi Au dx 
aD D 
1 =- 
2 I aD 
hu2ds-&z’$aD($)2ds 
h max 
G--- 2 i 
u2 ds 
aD 
under the added assumption that D is star-shaped with respect to the origin. 
Using this inequality in (3.7) yields IX. Inequality X then follows from IX 
and I. 
Now let u be the eigenfunction corresponding to qr and assume that u does 
not change sign in D. For regions of bifold symmetry where this is so, u 
belongs to the even-even symmetry class. If we orient the coordinate axes 
to coincide with the axes of symmetry, then u,r and u,~ are odd across the x2 
and x1 axes, respectively, and so are admissible functions in (2.3). Thus 
s 
u,iju,ii dx 
PAD = 
f aD ; @w,i) 02 
if P 
(3.8) 
uyiU,i ds %iU,i ds 
aD aD 
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by Green’s first identity applied twice. Now u = 0 on aD so that 
u,~u,~ = (&/a~)~ on aD and thus by (1.5) and the expression for the Laplacian 
in normal coordinates 
we have 
; (u,& = 2 g Au - $, @“] 
= 2 (ql - f) ($j”. 
Using this in (3.8) we obtain XI. 
IX’ and X’. The assumption that D has bifold symmetry is at times too 
restrictive. A less restrictive condition leading to similar inequalities is that D 
is star-shaped with respect to its centroid, which we take to be the origin. 
ThenJnxidx=0,i=1,2,sothatx i , x2 are admissible in (2.2), implying 
CL2 d 
2A 
I 
(3.9) 
xixi dx 
D 
Now let t* be the optimal constant in the inequality 
jaD hw2 ds \< (f*)-l j, (Av)~ dx, $ her ds = 0. (3.10) 
aD 
An admissible function in (3.10) is 
w=u-$A-l hu ds, 
aD 
where u is the eigenfunction associated with p2 . Thus 
p22 
e* < 
s D u2 dx 
hu2 ds - 3 A-l 
aD 
and by (2.12) and (2.13) we have 
(3.11) 
f hu2 ds = 2 aD s u2 dx - 2& xiqi Au dx D s 
=2 
s 
u2 dx + 2~;~ h *‘ds 
D f D ( aD as 1 
32 I u2 dx. (3.12) D 
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Now using the divergence theorem, Schwarz’s inequality, and (3.9) 
I 
-< Pz J 
xixi dx 
J” 
u2 dx 
D D 
< 2A 
s 
u2 dx. 
D 
This inequality and (3.12) in (3.11) yields 
E* < P22, 
or since f2 < (*hmax , we have 
52 < p22h max . (IX’) 
This is worse than IX by a factor of two, but holds under more general 
conditions. We also can obtain an inequality analogous to X by using I, 
i.e., 
P, < &max . w 
4. NUMERICAL REXJLTS 
In this section we give the values of the eigenvalues discussed above in 
some cases where they can be computed exactly. On a disc of radius r, all of 
the eigenvalues can be found by separation of variables in polar coordinates: 
h,r2 is the square of the first root of jO, the zero-order Bessel function, and 
p2r2 is the square of the first nonzero root of 1; . On a rectangle of sides a 
and b, the eigenvalues of the second-order problems can be found by separat- 
ing variables in Cartesian coordinates. (The biharmonic operator A2 unfortun- 
atcly does not separate in Cartesian coordinates.) The Stekloff eigenvalue p,a 
is 3 tc. cot(pa/6), where p is the first nonzero root of 
tanh p - cot 5 = 0. 
These exact values may be put into our inequalities I-XI to get an idea of the 
order of magnitude of the error. We have used the exact values on various 
rectangles to give upper and lower bounds for pra and t2u3 by VII and VI 
and IX and I, respectively. These results are summarized in Table 2, rounded 
to four decimal places. 
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